Abstract. Inspired by Bondarenko's counter-example to Borsuk's conjecture, we notice some strongly regular graphs that provide examples of ball packings whose chromatic numbers is significantly higher than the dimension. In particular, we obtain from generalized quadrangles the first non-constant lower bound for the difference between the chromatic number and the dimension.
The problem and previous works
A ball packing in d-dimensional Euclidean space is a collection of balls with disjoint interiors. The tangency graph of a ball packing takes the balls as vertices and the tangent pairs as edges. The chromatic number of a ball packing is defined as the chromatic number of its tangency graph.
The Koebe-Andreev-Thurston disk packing theorem says that every planar graph is the tangency graph of a 2-dimensional ball packing. The following question is asked by Bagchi and Datta in [BD13] as a higher dimensional analogue of the four-colour theorem:
Problem. What is the maximum chromatic number χ(d) over all the ball packings in dimension d?
The authors gave d + 2 ≤ χ(d) as a lower bound since it is easy to construct d + 2 mutually tangent balls. By ordering the balls by size, the authors also argued that κ(d) + 1 is an upper bound, where κ(d) is the kissing number for dimension d.
However, the case of d = 3 has already been investigated by Maehara [Mae07] , who proved that 6 ≤ χ(3) ≤ 13. His construction for the lower bound uses a variation of Moser's spindle, which is the tangency graph of an unit disk packing in dimension 2 with chromatic number 4, and the following lemma:
Lemma. If there is a unit ball packing in dimension d with chromatic number χ, then there is a ball packing in dimension d + 1 with chromatic number χ + 2.
The technique of Maehara [Mae07] can be easily generalized to higher dimensions and gives
Another progress is made by Cantwell in an answer on MathOverflow [Can] . He proved that the graph of the halved 5-cube (also called the Clebsch graph) is the tangency graph of a 5-dimensional unit ball packing with chromatic number 8. Then the lemma above implies that 10 ≤ χ(6). This argument can be generalized to higher dimensions using a result of Linial, Mechulam and Tarsi [LMT88, Theorem 4.1], and gave d + 4 ≤ χ(d) for d = 2 k − 2. As we have seen, both constructions study the chromatic number of unit ball packings and conclude by the lemma. We will do the same. A unit ball packing can be regarded as a set of points such that the minimum distance between pairs of points is at least 1, then the tangency graph of the packing is the unit-distance graph for these points. The finite version of the Borsuk conjecture can be formulated as follows: the chromatic number of the unit-distance graph for a set of points with maximum distance 1 is at most d + 1. So the chromatic number problem for unit ball packings is the opposite of the Borsuk conjecture. By ordering the unit balls by height, we see that the chromatic number of a unit ball packing is at most one plus the one-side kissing number.
The Borsuk conjecture was first disproved by Kahn and Kalai [KK93] . Recently, Bondarenko [Bon14] found a counter-example for Borsuk conjecture in dimension 65. His construction was then slightly improved by Jenrich [JB14] to dimension 64, which is the current record for the smallest counterexample. Their construction is based on geometric representations of strongly regular graphs.
In this note, we use the technique of Bondarenko to find unit ball packings whose chromatic numbers is significantly higher than their dimensions. In particular, the graphs of generalized quadrangles of parameter (q, q 2 ) correspond to unit ball packings in dimension q 3 − q 2 + q with chromatic number q 3 + 1. This is the first non-constant lower bound for the difference χ(d) − d. In view of [KK93] , we propose the following conjecture, and hope that examples in this note may help further improvement of the lower bound.
Conjecture. There is a constant c such that
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Strongly regular graphs
We use [CvL91] for general references of strongly regular graphs. Let G be a strongly regular graph of parameter (n, k, λ, µ). That is, G is a k-regular graph of v vertices, such that every pair of adjacent vertices have λ neighbors in common and every pair of non-adjacent vertices have µ neighbors in common. We assume that
If this is not the case, we may replace G by its complementḠ, which is a strongly regular graph of
For any vertex of G, the graphs induced by its neighbors in G and by its neighbors inḠ are respectively the first and the second subconstituent of G.
The adjacency matrix of G has three eigenvalues k, r, s with multiplicities 1, f , g respectively. They can be expressed in terms of the parameters as follows:
The eigenvalues ofḠ are v − k − 1, −s − 1, −r − 1 with multiplicities 1, g, f respectively. Note that r > 0 > s + 1 and f ≤ g.
We may identify vertices of G with an orthonormal basis of R v . The projection of the base vectors onto the r-eigenspace form a spherical 2-distance set on the sphere S f −1 ⊂ R f , with cosines α = r/k for adjacent vertices and β = −(r + 1)/(v − k − 1) for non-adjacent vertices. After a proper scaling, we obtain a point set with minimum distance 1, whose unit-distance graph is G.
For strongly regular graphs, we can calculate the Lovász theta number using the formula [Lov79,
One verifies that θ(Ḡ) = 1 − k/s = v/θ(G) [God94, Hae81] . By the Lovász sandwich theorem [Knu94] , we have ω(G) ≤ θ(Ḡ) ≤ χ(G), where ω(G) is the clique number. We will use θ(Ḡ) as a lower bound for the chromatic number of G.
Results
From Brouwer's online list of strongly regular graphs [Bro] , we notice some graphs such that f + 3 < θ(Ḡ), therefore improve the previous lower bounds. In Table 1 , we list their parameters, eigenvalues with multiplicities, and the theta number of the complement. For comparison, we highlight the dimension f and the theta number θ(Ḡ) ≤ χ(G). 
where q is an odd prime power. They can be represented unit ball packings in dimension f = q 2 −q with chromatic number at least θ(Ḡ) = q 2 , which already improve the previous lower bounds. The other family is the complements to the point graphs of the generalized quadrangles of parameter (q, q 2 ), which provides an even better lower bound. We now introduce the generalized quadrangles in detail.
A generalized quadrangle [PT09] of parameter (s, t), denoted by GQ(s, t), is an incidence structure (P, L, ∈), where P is the set of points and L is the set of lines, satisfying the following axioms:
• Each point is incident with t + 1 lines and two distinct points are incident with at most one line.
• Each line is incident with s + 1 points and two distinct lines are incident with at most one point.
• For a point p and a line ℓ such that p / ∈ ℓ, there is a unique pair (p
The point graph of a generalized quadrangle takes P as the set of vertices and connect two vertices by an edge if they are incident to the same line. It is a strongly regular graph with parameters ((st + 1)(s + 1), s(t + 1), s − 1, t + 1).
It is known that GQ(q, q
2 ) exists when q is a prime power, and is unique for q = 2, 3. For a generalized quadrangle GQ(q, q 2 ), we abuse the notation GQ(q, q 2 ) for the complement of its point graph. It is a strongly regular graph with parameters
Up to complement, GQ(2, 4) is the Schläfli graph and GQ(3, 9) is the second subconstituent of the McLaughlin graph (112 vertices). GQ(q, q 2 ) is represented in dimension f = q 3 − q 2 + q and the theta number of its complement is q 3 + 1. So the chromatic number of GQ(q, q 2 ) is at least q 3 + 1. A spread of a generalized quadrangle is a set of lines such that each point is incident with a unique line in the set. By [PT09, Theorem 3.4.1(ii)], a generalized quadrangle GQ(q, q 2 ) has spreads, meaning that the vertices of the point graph can be partitioned into q 3 + 1 cliques of size q + 1. So the chromatic number of GQ(q, q 2 ) (complement to the point graph) is at most q 3 + 1. To conclude, the chromatic number of GQ(q, q 2 ) is exactly q 3 + 1. By the lemma in Section 1, we have constructed a ball packing in dimension q 3 − q 2 + q + 1 with chromatic number q 3 + 3, which gives the first non-constant lower bound for the difference χ(d) − d.
Remark. Up to complement, the Clebsch graph, the Higman-Sims graph, the McLaughlin graph, the first subconstituent (162 vertices) of the McLaughlin graph, and GQ(q, q 2 ) are the only known examples of Smith graphs [Smi75, CGS78] . They can be constructed from a rank 3 permutation group such that the stabilizer of a vertex has rank ≤ 3 on both subconstituents. It turns out that Smith graphs tend to have high chromatic number (the Clebsch graph is noticed by Cantwell [Can] ).
Remark. The Lovász theta number is not always a good bound for the chromatic number. Our method does not recover, for example, Bondarenko's counter-example to the Borsuk conjecture. The author believes that there are other strongly regular graphs with high chromatic number. However, for the conjecture in Section 1, the power of strongly regular graphs might be very limited. Further improvement on the lower bound is encouraged.
